Classical density-functional theory is employed to study finite-temperature trends in the relative stabilities of one-component quasicrystals interacting via effective metallic pair potentials derived from pseudopotential theory. Comparing the free energies of several periodic crystals and rational approximant models of quasicrystals over a range of pseudopotential parameters, thermodynamically stable quasicrystals are predicted for parameters approaching the limits of mechanical stability of the crystalline structures. The results support and significantly extend conclusions of previous ground-state lattice-sum studies.
Since the landmark discovery [1] of long-range icosahedral quasiperiodic ordering in AlMn alloys, quasicrystals have been produced in a rich variety of systems [2, 3] . All known quasicrystals, however, are alloys of at least two metallic elements. A fundamental question has therefore naturally arisen: can one-component quasicrystals be thermodynamically stable? A ground-state icosahedral phase has been predicted for an idealized square-well pair potential system [4] , although the stability range is confined to a narrow range of well widths and pressures. More recently, extensive lattice-sum potential energy calculations [5] for systems interacting via effective metallic pair potentials have predicted energetically stable ground-state one-component quasicrystals, albeit within a restricted range of pair potential parameters having no counterparts in the Periodic Table. An alternative approach, especially suited to finite temperatures, is classical density-functional (DF) theory [6, 7] , which determines the free energy of a given solid as the variational minimum with respect to density of an approximate free energy functional. Fundamental applications have already predicted purely entropic hard-sphere quasicrystals to be either metastable [8] or mechanically unstable [9] , indicating that ordinary entropy alone is not sufficient to stabilize quasiperiodicity.
The question remains whether at finite temperatures longer-range interactions may conspire to stabilize one-component quasicrystals. In this Letter we directly address this question by extending classical DF methods to simple metals interacting via effective pair potentials derived from pseudopotential theory. Taking as a structural model of quasicrystals a certain class of rational approximants, we predict, over a limited range of pseudopotential parameters, thermodynamically stable one-component quasicrystals, stabilized largely by mediumand long-range interactions.
Interactions between ions in a metal are complicated by the presence of conduction electrons and are often best determined by electronic DF methods. However, in cases where the conduction electrons may be considered nearly free, as in the simple metals, it proves possible to replace the strong electron-ion interaction by a much weaker pseudopotential, which is amenable to perturbation theory [10] . The pseudopotential approach [11] essentially reduces the two-component system of electrons and ions to an effective one-component system of pseudoatoms, interacting via an effective pair potential φ(r) that depends on the pseudopotential and the density-dependent dielectric function. Here we adopt the popular empty-core pseudopotential [12] , parametrized by valence Z and core radius r c , and the Ichimaru-Utsumi dielectric function [13] , which satisfies important self-consistency conditions. For the simple metals, φ(r) is typically characterised by a steeply repulsive short-range core, a first minimum of varying range and depth, and a relatively weak oscillating tail. Of particular relevance here is that with increasing Z or decreasing r c the (Friedel) oscillations weaken in amplitude and shorten in wavelength. Correspondingly the core shrinks and, as the oscillations move under the core, a repulsive shoulder may develop.
We now proceed to take φ(r) as input to a DF theory for a purely classical one-component system of pair-wise interacting pseudoatoms. The DF approach [6, 7] defines a functional F [ρ] of the nonuniform one-particle number density ρ(r) that satisfies a variational principle, whereby F [ρ] is minimized (at fixed average density) by the equilibrium ρ(r), its minimum value equaling the Helmholtz free energy. In practice, F [ρ] is separated into an exactly known ideal-gas contribution F id , the free energy of the nonuniform system in the absence of interactions, and an excess contribution F ex , depending entirely upon internal interactions. Note that we ignore here a sizable volume-dependent, but structure-independent, contribution [10] , which has no bearing on structural stabilities at fixed average density.
The form of φ(r) for the simple metals naturally suggests decomposition into a short-range reference potential φ o (r) and a perturbation potential φ p (r) = φ(r) − φ o (r). Such an approach has already been applied with success to Lennard-Jones solids [14, 15] as well as to metallic solids [16] . To first order in the perturbation potential [10] ,
where
is the reference free energy functional and g o (r, r ′ ) the reference pair distribution function. Following Weeks, Chandler, and Andersen (WCA) [17] , we split φ(r) at its first minimum and map the steeply repulsive reference system onto a system of hard spheres of effective diameter d, determined at temperature T by the Barker-Henderson prescription [10] 
The free energy of the liquid is calculated via the uniform limit of Eq. (1), using the accurate Carnahan-Starling f HS (ρ) and Verlet-Weis g HS (r) [10] .
The solid reference free energy is now approximated by the modified weighted-density approximation (MWDA) [18, 19] , which is known to give an accurate description of the HS system [18] . This maps the excess free energy per particle of the solid onto that of the corresponding uniform fluid f HS , according to
where the effective (or weighted) densitŷ
is a self-consistently determined weighted average of ρ(r). The weight function w(r) is specified by normalization and by the requirement that F
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[ρ] generate the exact twoparticle (Ornstein-Zernike) direct correlation function c(r) in the uniform limit. This leads to an analytic relation [18] between w(r) and the fluid functions f HS and c(r), computed here using the solution of the Percus-Yevick integral equation for hard spheres [10] . The perturbation free energy depends on the pair distribution function of the reference HS solid g HS (r, r ′ ; d), which we approximate in mean-field fashion by the Heaviside unit step function
. This is justified by the fact that in the ordered solid most of the structure of the two-particle density is contained already at the level of the one-particle density, rendering g HS (r, r ′ ; d) a relatively structureless function [19] .
Practical calculation of F [ρ] requires specification of the solid structure. Here we consider fcc, hcp, and bcc elementary crystals and a quasicrystalline structure, modelled by a Penrose tiling constructed by projecting a six-dimensional hypercubic lattice onto the three-dimensional physical space. In particular, we consider a hierarchy of rational approximants [2, 20] based on the "unit-sphere packing" model of Henley [21] . These are periodic structures obtained by replacing, in the three-dimensional perpendicular space, the golden mean τ by a rational number τ n = F n+1 /F n , where F n is a term in the Fibonacci sequence.
The first four approximants, denoted by 1/1, 2/1, 3/2, and 5/3, have unit cells of 20, 108, 452, and 1904 atoms, respectively, and corresponding maximum HS packing fractions of 0.5020, 0.6400, 0.6323, and 0.6287, compared with 0.6288 in the quasiperiodic limit and 0.7405 for the close-packed fcc and hcp crystals. Also to be specified is the atomic density distribution about the lattice sites of the solid, for which we adopt the widely used Gaussian ansatz. This places at each site R a normalized isotropic Gaussian, such that
where the single parameter α determines the width of the distribution. The Gaussian ansatz is known [7, 22] to reasonably describe the density distribution of close-packed crystals near melting and also should be a good approximation for elastically isotropic quasicrystals.
At fixed T , atomic volume Ω, Z, and r c , the free energy is computed from Eqs. (1)- (4) for a given solid structure by minimizing F [ρ] with respect to α (and the c/a ratio for the hcp crystal). A minimum at α =0 implies mechanical stability. Finally, comparing free energies of different solid structures and the liquid, the thermodynamically stable structure is determined as that having the lowest free energy. As an essential test of the theory, we have applied it to the HS reference system alone [23] . Briefly, the quasicrystals are predicted to be mechanically stable over a wide range of densities, but always metastable relative to both the fluid and the crystals. Their free energies decrease in order of increasing maximum packing fraction, confirming the decisive importance of packing efficiency in the HS system.
Furthermore, their Lindemann ratios (root-mean-square atomic displacement over nearestneighbour distance) are significantly smaller than those of the crystals, reflecting a higher degree of atomic localization. As a further test of the theory, and of the pseudopotential approach, we have examined the freezing transitions of two simple metallic elements, Mg (Z = 2) and Al (Z = 3), interacting via effective pair potentials [16] . In both cases, the theory correctly predicts the stable equilibrium structure (hcp for Mg, fcc for Al) and structural energy differences in reasonable agreement with experiment.
We now turn to a broad survey of pseudopotential parameters for the simple metals. Table, it does include the virtual-crystal parameters (average Z, r c , and Ω) characteristic of some of the known multi-component quasicrystals.
We now analyse the physical reasons for quasicrystal stability. When η is so low that the free energy functional has no variational minimum, the solid exhibits a phonon instability.
Such unstable regions in the parameter space of Table I can be understood by noting that the effective HS diameter in general decreases with increasing Z (across rows) and with decreasing r c (down columns). Correspondingly, the solid becomes more loosely packed and the density distributions broader, as reflected by increasing L for a given structure.
Ultimately, when L > 0.10 − 0.15, the solid loses its stability against vibrational atomic displacements (phonons). As in the HS system, the quasicrystals have consistently smaller L than the crystals, implying greater vibrational stiffness, which tends to enhance their mechanical stability. This partly explains their appearance near the diagonal of Table I , where the crystals lose mechanical stability, as well as the absence of any stable structure towards the lower-right corner. Where no stable structure is indicated, F [ρ] cannot be evaluated within the theory for any of the structures considered. The reason is that at sufficiently high Z and short r c , when φ(r) develops a repulsive shoulder, d may be anomalously large.
When d is so large that the maximum η for a given structure is exceeded, the repulsive cores of nearest-neighbour atoms overlap at equilibrium separation. This implies a packing instability, which is a second reason for loss of structural stability upon approaching the lower-right corner of Table I . In this parameter region, analysis of structural trends across the Periodic Table [11] and lattice-sum calculations [5] indicate the stability of more open covalent structures, which are, however, outside the scope of the present theory.
Phonon and packing instabilities account for loss of mechanical stability. Insight into the source of thermodynamic stability is gained by examining separate contributions to the total free energy. The reference free energy F o combines the entropy and the part of the internal energy associated with short-range interactions, while the perturbation free energy F p is the remaining part of the internal energy deriving from longer-range interactions. Figure 1 compares F o and F p as a function of Z for the various structures at fixed r c /r s and Ω.
As expected, 
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